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A transitive dynamical system is either sensitive or has a dense set of equicontinuity
points [E. Akin, J. Auslander, K. Berg, When is a transitive map chaotic, in: Convergence
in Ergodic Theory and Probability, Walter de Gruyter & Co., 1996, pp. 25–40]. We show
that if a chain transitive system has shadowing property then it is either sensitive or all
points are equicontinuous.
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1. Introduction
Suppose that X is a compact metric space and f : X → X a continuous and surjective map. A δ-chain from x to y of
length n is a ﬁnite sequence x0 = x, x1, . . . , xn = y such that d( f (xi), xi+1) δ for i = 0, . . . ,n − 1. A δ-chain approximates
an orbit and this approximation is usually for short term. However, there are systems where this makes for long terms.
Wherever this happens, one says that the δ-chain is shadowed by a point. The most eminent result in this regard is the
so-called Shadowing Lemma due to Bowen [6].
A sequence ξ = {xi}∞i=0 of points is called δ-pseudo orbit if for any i  0, d( f (xi), xi+1) δ.
We say that a δ-pseudo orbit is -shadowed by a true orbit if there exists z ∈ X such that for any i  0, d( f i(z), xi)  .
The map f is called having shadowing property or brieﬂy POTP if for any  there exists δ such that any δ-pseudo orbit is
-shadowed by a true orbit.
The map f is called chain transitive if for any δ > 0 and any two points x and y there exists a δ-chain from x to y. It is
said to be chain recurrent if for any δ > 0 and any x in X there is a δ-chain from x to itself.
Recall that a pair (x, y) is proximal if lim infn→∞ d( f n(x), f n(y)) = 0; and a point x is distal if whenever (x, y) is proximal
then y = x. Also a point x is equicontinuous if
∀ > 0, ∃δ > 0; if d(x, y) < δ ⇒ d( f n(x), f n(y))< , ∀n.
A dynamical system (X, f ) is distal if any point is distal and it is equicontinuous if any point is so and by compactness it is
equivalent to uniform equicontinuity of the family { f n: n ∈N} [2]. A dynamical system (X, f ) is sensitive if
∃; ∀x, ∀δ, ∃y ∈ B(x, δ), ∃n > 0, d( f n(x), f n(y)) .
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means that the set of equicontinuity points is dense. There are examples of transitive almost equicontinuous systems which
are not equicontinuous [1]. Here we consider the chain transitive systems with shadowing property and we show that
existence of an equicontinuity point makes the system equicontinuous. In fact, by a result in [8] the existence of such
a point in these systems happens only if f is a minimal homeomorphism.
Our results are based on a fact that in a chain transitive system with POTP, a kind of strong recurrence occurs. We will
show that any open set returns to itself in a large and structured set [see Lemma 2.1]. This makes any equicontinuity point
to be distal.
2. Distality and shadowing
A sequence B of natural numbers is said to be an IP-set if it contains all ﬁnite sums of a subsequence of itself [3,9]. That
is there exists a subsequence {si}∞i=1 ⊆ B such that
F S(si)
∞
i=1 := {si1 + si2 + · · · + sin : i1 < i2 < · · · < in, i j ∈N} ⊆ B.
The set B is an IP∗-set if it has nonempty intersection with any IP-set [3,9]. An IP∗-set is both syndetic and IP-set.
Lemma 2.1. Suppose f : X → X is a chain transitive map with shadowing property and U , V are open subsets of X . Then {n: f n(U )∩
U = ∅} ⊇ sN and {n: f n(U ) ∩ V = ∅} ⊇ N+ r for some s,  ∈N and 0 r < .
Proof. Consider two points x ∈ U and y ∈ V . Let  > 0 be so that B(x, ) ⊂ U , B(y, ) ⊂ V and δ corresponding to  in
the deﬁnition of shadowing property. Suppose that ξ = {x0 = x, x1, . . . , xl = y} and η = {y0 = y, y1, . . . , yk = x} are δ-chains
from x to y and from y to x of length l and k respectively. Let
ζ := ξ,η \ {y0}, ξ \ {x0}
where a represents repetition. Note that ζ is a δ-pseudo orbit. So we can ﬁnd z such that -shadows ζ . Since, l and k are
ﬁxed we have
d(z, x) < , d
(
f l(z), y
)
< , . . . , d
(
f i(l+k)−k(z), y
)
< , i = 1,2, . . . .
Therefore, {n: Tn(U ) ∩ V = ∅} = (l + k)N+ l.
To prove the other case, let V = U and consider a δ-chain ξ := {x0 = x, . . . , xs = x} and let
ζ := ξ, ξ \ {x0}.
Then we will have f n(U ) ∩ U = ∅ for any n in sN. 
Recall that a point x is IP∗-recurrent if for any open set U containing x, the set N (x,U ) = {n: Tn(x) ∈ U } is an IP∗-set [3].
Let F be a family of nonempty subsets of N and xn be a sequence in the topological space X . By F- lim xn = y we
mean that for any open set U containing y the set {n: xn ∈ U } is in F . In the following theorem we let F := p where p
is an idempotent in the family of all ultraﬁlters βN. Any set in an idempotent is an IP-set. For this fact and other general
properties of βN we refer the reader to [3,9].
Theorem 2.2. Any equicontinuity point in a chain recurrent system with shadowing property is distal.
Proof. Let x be an equicontinuity point. Recall that x is distal if and only if it is IP∗-recurrent [Theorem 3.8 of [3]]. So we
will show that x is IP∗-recurrent. This is equivalent to show that p- lim f n(x) = x for any idempotent p in βN [3]. In contrast,
suppose that there exists a point y = x such that p- lim f n(x) = y for some p ∈ βN. This means that for any open set V
containing y the set RV = {n: f n(x) ∈ V } is an IP-set. Let 4 = d(x, y) and consider V = B(y, ). Let δ < 2 correspond to 
in the deﬁnition of equicontinuity of x. Then
B(x, δ) ∩
( ⋃
n∈RV
B
(
f n(x), 
))= ∅, ⋃
n∈RV
f n
(
B(x, δ)
)⊂ ⋃
n∈RV
B
(
f n(x), 
)
.
This means that for any n in the IP-set RV , B(x, δ) ∩ f n(B(x, δ)) = ∅. This is a contradiction by Lemma 2.1 for {n: B(x, δ) ∩
f n(B(x, δ)) = ∅} is an IP∗-set. 
In the next example we bring in a chain transitive system without shadowing property and with some equicontinuity
point which is not distal.
Example 2.1. Let X = {0,1}Z and deﬁne f : {0,1}3 → {0,1} with f (x0, x1, x2) = x0 + 1 (mod 1) if x1x2 = 10 and
f (x0, x1, x2) = x0 otherwise. Consider the corresponding cellular automaton F : X → X which is indeed Coven’s aperiodic
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have shadowing property [5, Theorem 3.1]. Let x = (xi)i∈Z such that xi = 1 if i  −1 and xi = 0 otherwise. Then x is an
equicontinuity point which is proximal to y := F 4(x). This means that x is not distal.
If a transitive system is almost equicontinuous then by a result of Glasner and Wiess [8] we have
(1) a point is transitive if and only if it is equicontinuous.
(2) (X, f ) is uniformly rigid. This means for any  > 0, ∃n > 0; ∀x ∈ X , d( f n(x), x) <  .
(3) f is a homeomorphism.
We apply (1) and Theorem 2.2 to have the following result.
Theorem 2.3. Let (X, f ) be a chain transitive with shadowing property system. If f has an equicontinuity point then it is distal,
equicontinuous and minimal homeomorphism.
Proof. Choose an equicontinuity point x and  > 0. Let δ > 0 be such that
∀y, z ∈ B(x, δ), ∀m 0, d( f m(y), f m(z))< . (2.1)
By Theorem 2.2, N (x, B(x, δ)) is an IP∗-set. We will show that for any z in X and any n ∈ N (x, B(x, δ)) we have
d( f n(z), z) <  . Then z is IP∗-recurrent and so it is distal. But the proof of this part is exactly as the proof of (2) above
of Glasner and Weiss [8] and we bring it for the sake of completeness.
Choose some point z ∈ X and some n ∈ N (x, B(x, δ)). Since f n is continuous for any η > 0 there exists ξ > 0 such that
∀v, d(v, z) < ξ ⇒ d( f n(v), f n(z))< η.
Note that since n ∈ N (x, B(x, δ)) then by (2.1) for all m > 0, d( f n+m(x), f m(x)) <  . Also, by (1) above, there exists m > 0
with d( f m(x), z) < ξ . So d( f n(z), f n+m(x)) < η and
d
(
f n(z), z
)
 d
(
f n(z), f n+m(x)
)+ d( f n+m(x), f m(x))+ d( f m(x), z) η +  + ξ.
Since  , ξ and η can be chosen arbitrary small d( f n(z), z) <  and the proof is done.
Now we have a transitive distal system and so minimal [4]. Hence by (1) above, the system is equicontinuous as well. 
Corollary 2.4. A chain transitive system with shadowing property is either sensitive or equicontinuous.
Corollary 2.5. Any chain transitive map g : S1 → S1 with shadowing property is sensitive.
Proof. If g is not sensitive then it has an equicontinuity point and by the above theorem, it is a minimal equicontinuous
homeomorphism. So it is an isometry with respect to an equivalent metric and does not have shadowing property [7]. 
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